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Prediction of Fatigue Crack Growth After Single
Overload in an Aluminum Alloy

C. M. Manjunatha∗ and B. K. Parida†

National Aerospace Laboratories, Bangalore 560 017, India

An analytical method using crack driving force parameter ∆K∗ was developed to account for the single overload
interaction effects on the constant amplitude fatigue crack growth behavior in D16 (2024-T3 equivalent) aluminum
alloy. Crack growth acceleration and retardation were accounted for by using residual stress intensity concept.
Fatigue crack growth behavior was predicted using this method for a thin SE(T) specimen subjected to 1) constant
amplitude load and 2) constant amplitude load interspersed with single tensile overloads at certain intervals of
crack length. Fatigue crack growth tests were performed with these load sequences, and the experimental crack
growth results obtained were compared with predictions made by use of the proposed analytical method. All of
the fatigue crack growth tests were performed in a servohydraulic test machine. Crack length was measured by
the traveling microscope/cellulose acetate replication method. A fairly good correlation was obtained between the
experimental and predicted fatigue crack growth curves under the applied loading sequence.

Nomenclature
a = crack length
C1 = constant used in Paris equation
C2 = exponent used in Paris equation
C3 = cyclic fracture toughness
da/dN = fatigue crack growth rate
K = stress intensity factor (SIF)
Kmax, Kmin = maximum and minimum SIFs
(Kmax)eff, (Kmin)eff = effective maximum and minimum SIFs
K OL

max = maximum SIF for the overload cycle
Kop = crack opening SIF
K R = residual SIF
K W

R = Willenborg residual SIF
L = specimen length
Nexpt = number of cycles to failure from

experiment
Npred = predicted number of cycles to failure
R = stress ratio
RL = ratio of σUL to σOL

Rmax = limiting maximum stress ratio
t = specimen thickness
W = specimen width
Z = plastic zone diameter under given load
Zapp = plastic zone diameter due to applied load
ZOL = plastic zone diameter due to overload
α = plastic zone constraint factor
δa = crack length extension from the point

of application of overload
�a = crack length extension
�K = SIF range
�K0 = effective threshold SIF range
�K + = positive part of (Kmax − Kmin)
�K ∗ = effective crack driving force parameter,

(�K +Kmax)
0.5

(�K ∗)eff = effective �K ∗

�K ∗
th = threshold value of �K ∗

σ = nominal stress
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σUL, σOL = stress corresponding to underload
and overload

σy = yield stress
φ = proportionality factor
φR, φA = proportionality factor for retardation

and acceleration
� = overload shutoff ratio

Introduction

T HE damage tolerance concept is widely used in aircraft indus-
try to ensure flight safety and to enhance the fatigue life of

aircraft components beyond the original design life. Based on frac-
ture mechanics principles, the number of flights or time in flight
hours required for a fatigue crack to grow from a given initial size
to a certain critical size is evaluated for this purpose. Quite of-
ten, these types of crack growth data are taken into account for
scheduling of inspection intervals for aircraft structural components
in service. Also, such fatigue crack growth curves derived under
spectrum loading sequence for primary structural members of the
airframe facilitate estimation of safe life extension period of aging
airframes.

The general procedure for fatigue crack growth prediction under
spectrum loading by cycle-by-cycle method involves the following
steps: 1) experimental determination of material baseline constant
amplitude fatigue crack growth rate (FCGR) data, 2) count (gener-
ally, rainflow cycle counting method) of fatigue load cycles in the
spectrum load sequence, and 3) determination of crack length exten-
sion for each of these counted fatigue cycles from constant amplitude
FCGR data with consideration of load sequence/interaction effects.

It is well established that constant amplitude FCGR can be rep-
resented as da/dN = f (�K , R) (Ref. 1). Either Elber’s crack clo-
sure concept2 or two mechanical crack driving force parameters3−8

�K and Kmax are generally made use of to eliminate stress ratio R
effects and obtain a characteristic single FCGR curve. Such a char-
acteristic FCGR curve is approximated by a Paris (see Ref. 9) type
of equation, da/dN = C[(�Keff) or f (�K , Kmax)]m , and is used
subsequently for crack growth prediction under constant amplitude
(CA) or spectrum loading.

Spectrum loading sequence, in its simplest form, consists of a CA
load sequence interspersed with single overloads at frequent inter-
vals of time. This type of load sequence is generally used as a base-
line to analyze and develop crack growth models for load-interaction
effects. Several authors have investigated fatigue crack growth be-
havior including single overload,10−12 and many crack growth mod-
els have been developed to correlate experimental observations.
These models can be broadly classified into those 1) based on the
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crack closure concept13−17 and 2) based on two mechanical driving
forces,17−21 �K and Kmax.

In the methods based on crack closure concept, the crack driv-
ing force parameter �K is modified to �Keff, to account for
crack closure and stress ratio effects so that da/dN = f (�Keff)
where �Keff = Kmax − Kop. This procedure requires the experimen-
tal/numerical evaluation of crack opening stress intensity factor
Kop. Careful experimental measurements have indicated that crack
opening load Pop (and, hence, Kop) is not a unique value but de-
pends on the measurement location and the technique employed.22,23

Hertzberg et al.24 found that the crack closure was only partially
effective in explaining the observed crack growth behavior. Re-
cently, Donald et al.25 and Paris et al.26 have shown that a signif-
icant contribution toward fatigue damage occurs in the load range
even below the crack opening load. Meggiolaro et al.13 found that
crack closure cannot be used to explain the overload-induced re-
tardation effects in their work and suggested to review the dom-
inant role of crack closure on modeling crack growth. In spite
of well-developed crack growth models for predictions, recently16

there have been efforts to improve prediction accuracy by these
models.

Furthermore, difficulties may be encountered for determination
of fatigue crack closure level under spectrum loading, which is an-
other required input parameter for accurate crack growth prediction.
Under spectrum loading, closure level varies from cycle to cycle
due to the varied nature of the variable amplitude load sequence.1

Aircraft components are subjected to very many different types of
spectrum loads, depending on the types of missions flown by the
aircraft. Hence, experimental evaluation of fatigue crack closure
level for each load cycle under such circumstances is practically
impossible.

The other way of crack growth prediction is to ignore closure
measurements altogether and acknowledge that the crack driving
force is represented by two parameters,8 �K and Kmax. The load-
interaction effect under overload is accounted for by considering
plastic deformation ahead of the crack tip and its effect on altering
the crack driving force parameters. Vasudevan et al.3,27 argue that
closure has limited effect on the fatigue damage process that takes
place in front of the crack, whereas the crack closure phenomenon
occurs behind the crack tip.

Recently, Kujawski4 has used a crack driving force parameter
�K ∗ [where �K ∗ = (�K +Kmax)

0.5, �K + is the value of the pos-
itive part of applied stress intensity factor (SIF) range, and Kmax is
the corresponding maximum value of the applied SIF] to account
for effects of stress ratio in aluminum alloys. This �K ∗ (essentially
a geometric mean of �K + and Kmax) approach does not make use
of any crack opening load/stress data. In Ref. 4, he has consolidated
a vast amount of experimental data available in open literature for
several aluminum alloys with stress ratios varying from R = −1 to
R = 0.7 by use of �K ∗ as the effective crack driving force parame-
ter. Analysis of fatigue crack growth under overloads using the �K ∗

approach appears to be quite simple because it eliminates evaluation
of crack closure/opening load. However, applicability of the �K ∗

approach for crack growth prediction under overloads, which in-
volves load-interaction effects, needs to be ascertained, and fatigue
crack growth needs to be modeled.

In the present investigation, an analytical method using crack
driving force parameter �K ∗ is developed to predict FCGR un-
der constant amplitude load, including effects of single over-
load. Fatigue crack growth tests were performed under 1) CA
load and 2) CA load interspersed with single overload at cer-
tain intervals of crack length. The experimental results were
compared with crack growth predictions made by the described
method.

Analytical Method
Fatigue Crack Growth

The crack driving force �K ∗ is defined as4

�K ∗ = (
�K +Kmax

)0.5
(1)

Fig. 1 Schematic representation of the crack driving force parameter
∆K∗.

where �K + is the value of the positive part of the applied SIF range
and Kmax is the corresponding maximum value of the applied SIF,
as shown schematically in Fig. 1.

The fatigue crack growth rate da/dN is considered to be a func-
tion of the crack driving force parameter �K ∗ as da/dN = f (�K ∗).
This relationship can be expressed in the form of the Paris law (see
Ref. 9) as da/dN = C(�K ∗)m . However, This type of power law is
inadequate at high growth rates approaching point of fracture,28 as
well as at low growth rates approaching threshold.29 To account for
the shortcomings, the complete sigmoidal shape of the FCGR curve
is defined as

da

dN
= C1(�K ∗)C2

[
1 −

(
�K ∗

th

�K ∗

)2]/[
1 −

(
�K ∗

C3

)2]
(2)

Note that Eq. (2) is similar in form to that proposed by Newman,29

except for the following changes: 1) The term �K ∗ has been em-
ployed in place of �Keff and Kmax. 2) �K ∗

th is used in place of
�K0. Use of �K ∗ in place of Kmax has been necessitated in Eq. (2)
because after representation of FCGR data in terms of �K ∗ the
association of any given stress ratio with the specific experimental
data is lost, and hence, Kmax value can not be determined for any
data in the resulting sigmoidal curve for use in Eq. (2). In this pro-
cess, the present Eq. (2) uniquely defines the complete sigmoidal
FCGR curve for any given material as a function of �K ∗.

Overload Interaction Effects
Under the application of variable amplitude/spectrum load, var-

ious load interaction effects are present that affect fatigue crack
growth behavior. A summary of the significant load interaction ef-
fects can be found elsewhere.30 However, as a first step toward mod-
eling the more complex fatigue crack growth behavior under spec-
trum load, the authors have concentrated in the present study only
on the effect of single overload on fatigue crack growth behavior
interspersed in a constant amplitude load sequence.

Consider imposition of a single-cycle tensile overload in a CA
cyclic load sequence as shown in Fig. 2a. The effect of such a single
tensile overload on fatigue crack growth behavior has been well
established, and these effects have been modeled with crack closure
consideration. A detailed summary of the load interactions observed
under this type of loading can be found elsewhere.11 Some of the
major observations noted11 are as follows:

1) The FCGR for the overload cycle is higher than that would be
observed under CA loading with the same amplitude as that of the
overload cycle. This has been termed crack growth acceleration.

2) The FCGRs for subsequent CA cycles after the application of
single overload are lower than that which would be observed under
CA loading with same cyclic load amplitude. This has been termed
crack growth retardation.

3) The retardation effect of overload gradually decreases with
increasing crack length and vanishes after a certain characteristic
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a)

b)

c)

Fig. 2 Schematic of a) CA load interspersed with single-cycle tensile
overload, b) corresponding fatigue crack growth, and c) delayed retar-
dation due to tensile overload.

crack length extension from the position where overload cycle was
applied. This characteristic distance has been modeled as either
monotonic plastic zone radius31 or plastic zone diameter.32

4) The maximum deceleration of growth rate occurs a short dis-
tance away from the point of application of overload. This effect
has been termed delayed retardation.

All of these effects are schematically shown in Fig. 2. In the
present method, the load interaction effects are calculated utilizing
a residual stress intensity K R concept.32 Crack growth acceleration
and retardation are accounted for by increasing or decreasing, re-
spectively, the value of the crack driving force parameter �K ∗ to
(�K ∗)eff, that is,

(�K ∗)eff = [{(Kmax)eff − (Kmin)eff}(Kmax)eff]
0.5 (3)

(Kmax)eff = Kmax − K R (4)

(Kmin)eff = Kmin − K R (5)

where K R is the residual stress intensity factor, which will be defined
subsequently. When K R is positive, retardation occurs, and when it is
negative, acceleration results. Note that, if (Kmin)eff ≤ 0, then crack
driving force parameter (�K ∗)eff = (Kmax)eff.

The crack tip plastic zone associated with the application of a
single overload interspersed in a constant amplitude load sequence
is shown schematically in Fig. 3.

Fig. 3 Schematic of crack-tip plastic zone due to load cycles.

Possible load interaction effects32 can be considered as follows:

�a + Zapp = ZOL ⇒ no interaction effects (6)

�a + Zapp < ZOL ⇒ crack growth retardation (7)

�a + Zapp > ZOL ⇒ crack growth acceleration (8)

where Z is the plastic zone diameter at the crack tip and is given by

Z = [1/(απ)](Kmax/σy)
2 (9)

where α = 1.0 for plane stress and α = 3.0 for plain strain condi-
tion. The Willenborg et al. model31 assumes ZOL as the plastic zone
radius, although retardation effects have been shown to last approx-
imately one plastic zone diameter in some investigations.33,34

The residual stress intensity factor K R [in Eqs. (4) and (5)] is
obtained based on the generalized Willenborg et al.31 model as sug-
gested by Gallagher and Hughes35:

K R = �K w
R (10)

K w
R = K OL

max(1 − δa/ZOL)0.5 − Kmax (11)

where K w
R is equal to the Willenborg et al. residual stress intensity

factor, � is the proportionality factor32,35 identical to acceleration
(�A) or retardation (�R), which are given by

�A = 1 − RL (12)

RL = σUL/σOL (13)

�R = [1 − (K th/Kmax)]/(� − 1) (14)

where � = 2.3 for aluminum alloys.36 In the present context, af-
ter the unique material sigmoidal FCGR curve is obtained, K th in
Eq. (14) needs to be replaced with �K ∗

th and Eq. (14) is rewritten as

�R = [
1 − (

�K ∗
th

/
Kmax

)]/
(� − 1) (15)

The Willenborg et al.31 residual stress intensity factor K w
R physi-

cally represents the difference between the stress intensity required
to produce a current plastic zone equal to (ZOL − �a) and the cur-
rent applied maximum stress intensity Kmax. Hence, the statements
made in Eqs. (6–8) can be restated in terms of K w

R as 1) no inter-
action effect exists or there is no change in FCGR if K w

R is zero, 2)
crack growth rate retards if K w

R is positive, and 3) it accelerates if
K w

R is negative.
The effect of overload on crack growth retardation reduces grad-

ually with increase in crack length from the point of application of
overload. This effect is reflected in Eq. (11). The variation of the
term [K OL

max(1 − δa/ZOL)0.5] in Eq. (11) normalized with K OL
max, as

a function δa/ZOL (crack length extension from the overload ap-
plication point, normalized with overload plastic zone diameter) is
schematically shown in Fig. 4.

It is assumed that the load interaction effects are active only up
to a maximum stress ratio Rmax above which K R = 0 and, hence,
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Fig. 4 Schematic representation of decay in retardation effect of ten-
sile overload on subsequent CA load cycles.

Fig. 5 Flowchart for the proposed analytical model to predict FCGR including tensile overload effects.

(�K ∗)eff = �K ∗. This Rmax is considered to be a function of the
constraints at the crack tip due to different stress states, that is, plane
stress or plane strain. A simple relationship is used to determine the
Rmax as suggested by Johnson32:

Rmax = (Z/t)0.2 + 0.6 (16)

Equation (16) suggests that for plain strain condition Z/t → 0,
hence, Rmax = 0.6. If the plastic zone diameter equals or exceeds the
thickness, a state of plane stress condition is assumed and Rmax is
set to 0.8. The flow chart for fatigue crack growth prediction using
described analytical model is shown in Fig. 5.

Experimental
Material and Specimen

The material used in this investigation was D16 (2024-T3 equiv-
alent) aluminum alloy, which is mainly used in airframes. The stan-
dard chemical composition (in weight percent) of this material is
as follows37: Cu 3.8–4.9, Mg 1.2–1.8, Mn 0.3–0.9, Si 0.5, Fe 0.5,
Zn 0.3, and Al balance. The mechanical properties of the material
determined from the tensile sheet specimens tested in longitudinal
(LT) orientation were as follows: σy = 347 MPa, σUTS = 460 MPa,
and percentage elongation = 12%.
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Fatigue crack growth tests were performed with a view to generate
material FCGR data, using single-edge notched tension [SE(T)]
specimens. Rectangular blanks were cut from the sheet material in
LT orientation, and then these were finished to nominal dimensions
of W = 75 mm, L = 300 mm, and t = 1.5 mm using a milling tool.
A central U notch of length 3.5 mm and width 0.36 mm was cut on
one edge of the specimen by wire electrical discharge machining
(EDM). Specimens were buffed on both faces along the crack plane
to facilitate crack length measurement.

Equipment and Procedure
Fatigue crack growth tests were performed in a computer-

controlled, 100-kN, servohydraulic test machine. All of the tests
were performed at room temperature and in laboratory air atmo-
sphere. CA fatigue crack growth tests were performed as per Amer-
ican Society for Testing and Materials standard38 E647 at different
stress ratios ranging from R = −0.3 to R = 0.7 with a sinusoidal
waveform at a frequency of 10 Hz.

Crack length was measured by the traveling microscope and/or
cellulose acetate replication method. For measurement of crack
length under the replication method, at any desired crack length
the specimen was held at a small load of about 0.5 kN. The replica-
tion tape was dipped in acetone for a few seconds and then pressed
on the cracked face of the specimen. It was then peeled off after
drying and the replicas were observed in an optical microscope,
which was attached to an image analysis system. The crack length
was then measured accurately using the image analysis software.

For crack growth test involving compressive loads (R = −0.3),
antibuckling guides were fixed on to the specimen during testing.
The stress intensity factor K for a SE(T) specimen held inside hy-
draulic grips (uniform displacement condition) was calculated as39

K = f (a/W )σ
√

(πa) (17)

where

f (a/W ) = 5/[{20 − 13(a/W ) − 7(a/W )2}0.5] (18)

FCGR Test with and Without Overload
For comparison with predicted results, fatigue crack growth tests

were performed using SE(T) specimens of D16 aluminum alloy sub-
jected to CA cyclic loading with and without inserting single tensile
overloads. The specimens with nominal dimensions of W = 45 mm,
L = 180 mm, and t = 1.5 mm were precracked at σmax = 50 MPa
and R = 0.1 to a total crack length of about 4.0 mm. Then, base-
line constant amplitude load cycles of σmax = 60 MPa, R = 0.1 were
applied, without inserting any overloads, and crack growth was care-
fully monitored until failure. A test was also performed with simi-
lar conditions but interspersed with single-cycle tensile overload of
σmax = 120 MPa, σmin = 6 MPa (R = 0.05) at four different intervals
of crack lengths. The overload cycle spacing was so chosen that the
subsequent overload was applied only after the crack grew out of
the plastic zone created by previous overload and had regained its
original crack growth rate.

Results and Discussion
Baseline FCGR Results

To determine the crack growth law as in Eq. (2) for D16 aluminum
alloy, CA fatigue crack growth tests were performed at different
stress ratios, and the results obtained are shown in Fig. 6. Figure 6
is a conventional plot of crack growth rates da/dN as a function
of applied SIF range �K . FCGRs were observed to increase with
stress ratio R from −0.3 to 0.6. Crack growth rates at R = 0.6 and
at R = 0.7 do not show significant difference. Similar effect of in-
creasing growth rates with stress ratio R in aluminum alloys has
been shown by various authors.10,26,40−42

The FCGRs da/dN from Fig. 6 were replotted in Fig. 7 as a
function of crack driving force parameter �K ∗ [Eq. (1)]. The FCGR
data were observed to merge into a narrow band, suggesting that
the �K ∗ parameter provides a fairly good correlation with fatigue

Fig. 6 Fatigue crack growth behavior of D16 aluminum alloy under
CA loading.

Fig. 7 FCGR expressed as a function of crack driving force parameter
∆K∗.

crack propagation rates in D16 aluminum alloy including stress ratio
effects.

For the purpose of crack growth prediction under single overload
condition, CA fatigue crack growth data shown in Fig. 7 were ap-
proximated in the form of Eq. (2). The constant C3 representing
cyclic fracture toughness of the material was taken as 55 MPa

√
m.

�K ∗
th = 4.0 MPa

√
m, was obtained from the data in Fig. 7. The

constants C1 and C2 were obtained by curve fitting to experimental
data in Fig. 7. The numerical values of parameters determined are
C1 = 1.7589 e-08 and C2 = 3.71. When these parameters are used in
Eq. (2), the predicted crack growth rate data for different values of
�K ∗ are shown as a solid line in Fig. 7. As can be seen from Fig. 7,
Eq. (2) with the given parameters describes the entire sigmoidal
FCGR curve quite well.
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Fig. 8 Experimental results of fatigue crack growth under CA load
and CA load interspersed with four single-cycle tensile overloads.

Fatigue Crack Growth Tests with and Without Overload Application
Fatigue crack growth tests were performed using SE(T) speci-

mens of D16 aluminum alloy with and without application of over-
load. The details of the testing were explained earlier in the ex-
perimental section. Crack length extension as a function of fatigue
cycles measured under CA loading with σmax = 60 MPa, R = 0.1
(no overload) is shown in Fig. 8.

Fatigue crack growth results obtained under the same CA
loading but interspersed with single-cycle tensile overload of
σmax = 120 MPa (twice the CA maximum stress of 60 MPa) at four
different crack lengths are also shown in Fig. 8. The tensile overload
effect of localized crack growth retardation can be clearly seen in
Fig. 8. Similar crack growth retardation effects due to imposition of
tensile overload cycles have been observed in 2024-T351 aluminum
alloy by McMaster and smith.16 In the present case, the total crack
growth life was observed to increase by almost three times due to
application of these four single overloads as shown in Fig. 8.

Fatigue Crack Growth Prediction
Fatigue crack growth in a thin SE(T) specimen of D16 (2024-T3

equivalent) aluminum alloy subjected to CA loading with and with-
out application of single overload was predicted by the cycle-by-
cycle method using the proposed analytical method explained ear-
lier. Specimen dimensions taken were as follows: width = 45 mm
and thickness = 1.43 mm (same as that of the test specimen). Ini-
tial crack length considered was a = 4.0 mm. The specimen was
assumed to have been subjected to a CA load sequence with
σmax = 60 MPa, σmin = 6 MPa, R = 0.1. To estimate fatigue crack
growth, a computer program was developed that incorporated the
logic explained in the flow chart shown in Fig. 5. The crack extension
was computed for every load cycle considering 1) CA load with no
overloads and 2) CA load interspersed with single overload applied
at same crack lengths as in the experiment. The predicted results of
fatigue crack growth obtained by using this analytical method along
with the experimental results are shown in Fig. 9.

Fatigue crack growth behavior predicted by the method was ob-
served to follow quite similar trends in relation to the experimen-
tally observed behavior. Predicted total crack growth lives were
found to be on the lower side of the experimental values under both
no-overload and applied overload conditions, and hence, the pre-
dictions are conservative. The fatigue life ratios Nexpt/Npred were
calculated to be 1.008 and 1.443, respectively for the earlier two
cases. Achieving life ratios between 0.5 and 2.0 is generally con-
sidered as an excellent prediction of the total life results.16

Mcmaster et al.16 investigated crack growth behavior in
2024-T351 aluminum alloy subjected to single overload and pre-
dicted the growth behavior using both constant and variable plastic
constraint factors. A large scatter in life ratios, Nexpt/Npred, ranging
from 0.93 to 3.69, was obtained for predictions using a constant
constraint factor. However, use of a variable constraint factor lead
to improvement in predictions with life ratios ranging from 0.95

Fig. 9 Comparison of experimental and predicted fatigue crack
growth behavior.

to 2.04. In the present investigation, the fatigue life ratios range
from 1.008 to 1.443 and appear to provide a fairly good correlation
with experimental results. However, further experiments on fatigue
crack growth under periodic overloads and underloads, as well as
under spectrum load sequence, are required to validate the general
applicability of the proposed method.

Conclusions
In this investigation, fatigue crack growth behavior in D16

(2024-T3 equivalent) aluminum alloy subjected to constant ampli-
tude fatigue, including single overload cycles, was studied. An ana-
lytical method for prediction of crack growth under single overload,
incorporating the crack driving force parameter �K ∗, was proposed.
The following conclusions may be drawn from the results obtained
in this investigation:

1) Fatigue crack growth is retarded by application of single over-
load cycle during a CA fatigue test. The retardation effects disappear
after a certain characteristic crack length extension from the over-
load position.

2) Fatigue crack growth behavior under single overload predicted
by the proposed analytical method was able to account fairly well
for load-interaction effects in D16 aluminum alloy considered in the
present investigation.

3) The fatigue life ratios expressed as Nexpt/Npred were calculated
to be 1.008 and 1.443 for the CA loading without and with overload
application, respectively.

4) Further experiments on fatigue crack growth under different
overload ratios and in various materials are necessary to investigate
the applicability of the proposed analytical method for fatigue crack
growth prediction.
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